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ABSTRACT
We consider N = 1 supersymmetric Toda theories which admit a fermionic
untwisted affine extension, i.e. the systems based on the A(n, n), D(n+1, n)
and B(n, n) superalgebras. We construct the superspace Miura trasforma-
tions which allow to determine the W-supercurrents of the conformal theories
and we compute their renormalized expressions. The analysis of the renor-
malization and conservation of higher-spin currents is then performed for the
corresponding supersymmetric massive theories. We establish the quantum
integrability of these models and show that although their Lagrangian is not
hermitian, the masses of the fundamental particles are real, a property which
is maintained by one-loop corrections. The spectrum is actually much richer,
since the theories admit solitons. The existence of quantum conserved higher-
spin charges implies that elastic, factorized S-matrices can be constructed.
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1 Introduction
Whenever fermionic fields can be coupled consistently to their bosonic partners, it is
of interest to consider the supersymmetric version of the theory. In particular this can
be done for a class of two-dimensional models known as Toda theories. The bosonic
systems are constructed from a Lie algebra and depending on whether the algebra is
affine or not, the resulting theories are massive or conformally invariant, respectively.
They possess an infinite number of conservation laws which are not spoiled by quantum
anomalies [1, 2, 3]. This implies the existence of factorized, elastic S-matrices [4], which
have been determined exactly for all massive theories based on simply-laced [5] as well
as nonsimply-laced algebras [6].
Fermions can be added [7] while maintaining the basic property of classical integra-
bility: in this case one has to construct a field theory starting from a Lie superalgebra
[8]. In general the introduction of fermions does not lead to systems invariant under
supersymmetry transformations; indeed all unitary fermionic Toda theories exhibit ex-
plicitly broken supersymmetry [7]. In order to obtain a supersymmetric model one has
to consider those superalgebras which admit a purely fermionic simple root system. In
this paper we focus on these theories and among them we select the ones for which the
untwisted affine perturbation can be implemented also in a supersymmetric way. Leaving
aside the exceptional superalgebras D(2, 1;α), we consider the A(n, n), D(n + 1, n) and
B(n, n) supersymmetric Toda theories and address the issue of their quantum integrabil-
ity. We show that both in the conformal and in the massive cases there exist quantum
higher-spin conserved currents. In the massive cases this ensures the commutativity of
the corresponding charges with the S-matrix; thus the scattering is purely elastic and fac-
torizes into two-body processes. At the Lagrangian level these theories are nonunitary,
nonetheless the particle and soliton mass spectrum is real and the explicit construction
of exact S-matrices could be attempted.
In Section 2 we briefly review basic notions about superalgebras and set the N = 1
superspace notation. Then we construct the classical Miura operators for the above
mentioned supersymmetric theories. The specific examples of the D(2, 1), B(1, 1) and
A(1, 1) conformal theories are presented in Section 3, where we obtain the corresponding
classical W-supercurrents and compute their renormalized expressions. In Section 4 we
consider the fermionic affine extension of these models and we explicitly construct the
first higher-spin conserved currents to all orders of perturbation theory. Finally in Section
5 we compute the particle mass spectra up to one-loop for the A(1)(n, n), D(1)(n + 1, n)
and B(1)(n, n) theories with n = 1, 2. In accordance with previous results for unitary
models, we find that in the A and D series, being the roots all of the same length
(simply-laced), the classical mass ratios are maintained at the quantum level, while for
the nonsimply-laced B-theories this is not true. Section 6 contains some final remarks
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and our conclusions. In the Appendix we have collected further details on the choice of
the fermionic roots and of the corresponding generators and explicitly constructed the
weights of the fundamental representation for the various superalgebras.
2 N=1 supersymmetric Toda theories
Two-dimensional integrable theories with N = 1 supersymmetry can be constructed as
Toda models based on a purely fermionic root system of a Lie superalgebra [7].
A rank r Lie superalgebra G = G0+G1 is a graded algebra whose Lie bracket is defined
as [a, b] = ab − (−1)deg(a)deg(b)ba, where deg(a) = 0 if a ∈ G0 and deg(a) = 1 if a ∈ G1.
The generators ~h, e+i , e
−
j satisfy the graded commutation relations
[~h,~h] = 0 [~h, e±j ] = ±~αje±j [e+i , e−j } = δij~h · ~αi (2.1)
where ~h are the r generators of the Cartan subalgebra and e±j are the basis vectors
associated to the simple roots ~αj, with j = 1, . . . , r. Depending on whether e
±
j is an
element of G0 or of G1, ~αj is referred to as an even or odd root, respectively.
Lie superalgebras have been classified by Kacˇ [8] on the basis of the associated Cartan
matrix. A distinguishing feature is given by the fact that the system of simple roots (i.e.
the Dynkin diagram) is not unique (up to a Weyl transformation). In general it is possible
to define several unequivalent sets which have a different content of fermionic roots: they
are related by generalized Weyl transformations associated to fermionic roots [9].
A classical Lie superalgebra G can be suitably extended and a new infinite dimensional
one emerges, the affine Lie superalgebra. In particular the untwisted affine extension
G(1) is realized by adding to a system of simple roots of G the lowest root defined as
~α0 = −
r∑
i=1
qi~αi (2.2)
where qi are the Kacˇ labels. In the following we will focus on untwisted affine Lie
superalgebras which admit a purely fermionic extended set of simple roots. They are
the untwisted extensions of:
1) the unitary series A(n, n) ≡ sl(n + 1, n + 1; C), n ≥ 1. The superalgebra A(n, n) is
not simple; it possesses a one–dimensional graded invariant subalgebra generated by the
basis element I2n+2. A(n, n) is then defined as sl(n+1, n+1; C) factored by this subspace.
2) The orthosymplectic series D(n + 1, n) ≡ Osp(2n + 2, 2n; C), n ≥ 1 and B(n, n) =
Osp(2n+ 1, 2n; C), n ≥ 1. These superalgebras are simple.
3) Among the exceptional superalgebras only D(2, 1;α), α 6= 0,−1, have a fermionic
Dynkin diagram with the lowest root also fermionic. They are deformations of the D(2, 1)
superalgebra.
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We restrict our analysis to the series listed in 1) and 2).
The classical field equations for a supersymmetric Toda theory based on a Lie super-
algebra can be viewed as the zero curvature condition on a Lax connection in N = 1
superspace (z, z¯, θ, θ¯), where z, z¯ are Minkowski space light–cone coordinates
z ≡ x+ = 1√
2
(x0 + x1) z¯ ≡ x− = 1√
2
(x0 − x1)
∂ ≡ ∂z = 1√
2
(∂0 + ∂1) ∂¯ ≡ ∂z¯ = 1√
2
(∂0 − ∂1) ✷ = 2∂∂¯ (2.3)
and θ, θ¯ are the (1,1) spinor coordinates. Introducing the corresponding covariant deriva-
tives
D = ∂θ + iθ∂ D¯ = ∂θ¯ − iθ¯∂¯ (2.4)
satisfying the commutation relations {D, D¯} = 0, D2 = i∂, D¯2 = −i∂¯, and denoting by
~Φ the superfields
Φa = φa +
1√
2
θψa +
1√
2
θ¯ψ¯a + θθ¯F a a = 1, . . . , r (2.5)
the Lax connection is a Lie superalgebra–valued gauge superfield [7, 10]
U = D~Φ · ~h− λ
r∑
j=0
e+j U¯ = −
1
2λ
r∑
j=0
qje
~αj ·~Φe−j (2.6)
which is flat, i.e. it satisfies
D¯U +DU¯ + {U, U¯} = 0 (2.7)
In eq.(2.6) we have introduced the spectral parameter λ and chosen the principal grada-
tion for the generators.
It is straightforward to check using the commutation relations in eq.(2.1) that the
flatness condition in eq.(2.7) coincides with the equations of motion derivable from the
supersymmetric Toda action
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ+
r∑
i=0
qie
~αi·~Φ
]
(2.8)
where d2z = dzdz¯ , d2θ = D¯D and β is the coupling constant. In order to obtain
a realization of the supersymmetric massive systems based on the affine superalgebras
D(1)(n+1, n), B(1)(n, n) and A(1)(n, n) one substitutes in eq.(2.8) the explicit expressions
of the fermionic roots given in the Appendix. The conformally invariant Toda theories
are obtained correspondingly by dropping the exponential term containing the lowest
root ~α0.
At the classical level supersymmetric Toda field theories are integrable. The existence
of an infinite number of conservation laws is a consequence of the identification of the
3
Toda field equations with eq.(2.7). The most practical way to construct explicitly the
conserved supercurrents is via the Miura operator which is obtained, like in the bosonic
case [11, 12, 2, 13], by considering the Lax pair associated to eq.(2.7)
(D + U)χ = 0 (D¯ + U¯)χ = 0 (2.9)
In order to describe the affine and the conformal cases on equal footing, it is convenient to
multiply the generator e+0 associated to the lowest root by a c–number c, so that setting
c = 0 (λ = 1) we restrict our results to the conformal theory, whereas c = 1 gives the
corresponding formulae for the affine theory. The Miura operators for the D(n + 1, n)
and B(n, n) conformal cases have also been constructed in refs. [14].
We start by constructing the Miura operator for the D(n + 1, n) theory. Using the
explicit expression for the generators given in eqs.(A.12,A.13,A.15) of the Appendix, the
first Lax equation in eq.(2.9) can be written as
(D +D~Φ · ~h)χ = λΛχ (2.10)
where (D +D~Φ · ~h) and Λ ≡ (∑2n+1j=1 e+j + ce+0 ) are the (4n+ 2)× (4n + 2) matrices
(D +D~Φ · ~h) = diag{D +DΦ1, · · · , D +DΦn+1, D −DΦ1, · · · , D −DΦn+1,
D + iDΦn+2, · · · , D + iDΦ2n+1, D − iDΦn+2, · · · , D − iDΦ2n+1}
(2.11)
and
Λ =


| In On
| 0 · · · 0 1
O2n+2 | c · · · 0 0
| On In
−− −− −− −− −− −− −|− −− −− −− −−
0 −In 0 · · · 0 |
· · · · · · · · · · · · |
0 0 · · · −1 | O2n
c 0 · · · In 0 |
0 · · · · · · · · · |
· · · 0 · · · 0 |


(2.12)
The vector χ in eq.(2.10) has (4n+2) superfield entries, the first 2n+2 obeying opposite
statistics with respect to the others. Thus eq.(2.10) gives rise to the following set of
coupled equations
(D +DΦj)χj = λχ2n+2+j j = 1, · · · , n
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(D +DΦn+1)χn+1 = λχ4n+2
(D −DΦ1)χn+2 = c λχ2n+3
(D −DΦj)χn+1+j = λχ3n+1+j j = 2, · · · , n+ 1
(D + iDΦn+1+j)χ2n+2+j = −λχj+1 j = 1, · · · , n− 1
(D + iDΦ2n+1)χ3n+2 = −λ(χn+1 + χ2n+2)
(D − iDΦn+2)χ3n+3 = λχn+2 + c λχ1
(D − iDΦn+1+j)χ3n+2+j = λχn+1+j j = 2, · · · , n (2.13)
It is easy to see that one can eliminate iteratively the χ2, · · · , χ4n+2 superfields and derive
a single equation for χ1
∆(~Φ)χ1 = 4c (−1)nλ4nDχ1 (2.14)
where
∆(~Φ) = (D −DΦ1)(D − iDΦn+2)(D −DΦ2)(D − iDΦn+3) · · · (D − iDΦ2n+1)
(D −DΦn+1) 1
D
(D +DΦn+1)(D + iDΦ2n+1) · · · (D + iDΦn+2)(D +DΦ1)
(2.15)
is the Miura operator for the D(n+1, n) Toda theory. We note that ∆(~Φ) can be written
equivalently in terms of the weights of the fundamental representation of the algebra (see
eq.(A.17) in the Appendix)
∆(~Φ) = (D + ~λ4n+2 ·D~Φ)(D + ~λ4n+1 ·D~Φ) · · · · · · (D + ~λ2n+2 ·D~Φ)
1
D
(D + ~λ2n+1 ·D~Φ)(D + ~λ2n ·D~Φ) · · · (D + ~λ1 ·D~Φ) (2.16)
In this case, in complete analogy with the corresponding Miura operator for the bosonic
Toda theory based on the dn Lie algebra [12, 13], ∆(~Φ) is a pseudo differential operator.
We specialize now the first Lax equation in (2.9) to the B(n, n) system. Using the
results listed in eqs.(A.19,A.20,A.22) of the Appendix, we have
(D +D~Φ · ~h) = diag{D +DΦ1, · · · , D +DΦn, D −DΦ1, · · · , D −DΦn, D,
D + iDΦn+1, · · · , D + iDΦ2n, D − iDΦn+1, · · · , D − iDΦ2n}
(2.17)
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and Λ =
∑2n
j=1 e
+
j + ce
+
0 , that is
Λ =


| In On
O2n+1 | c 0 · · · 0
| On In
−− −− −− −− −− −− −|− −− −− −− −−
0 −In−1 0 · · · 0 |
· · · · · · · · · · · · |
0 0 · · · 0 · · · −1 | O2n
c 0 · · · In 0 |
0 · · · · · · · · · |
· · · · · · · · · 0 |


(2.18)
In this case the vector χ has the first (2n + 1) components with opposite statistics with
respect to the last 2n. The Lax equation is then equivalent to the system
(D +DΦj)χj = λχ2n+1+j j = 1, · · · , n
(D −DΦ1)χn+1 = c λχ2n+2
(D −DΦj)χn+j = λχ3n+j j = 2, · · · , n
Dχ2n+1 = λχ4n+1
(D + iDΦn+j)χ2n+1+j = −λχj+1 j = 1, · · · , n− 1
(D + iDΦ2n)χ3n+1 = −λχ2n+1
(D − iDΦn+1)χ3n+2 = λχn+1 + c λχ1
(D − iDΦn+j)χ3n+1+j = λχn+j j = 2, · · · , n (2.19)
from which χ2, · · · , χ4n+1 can be eliminated and we obtain
∆(~Φ)χ1 = 2c (−1)nλ4nDχ1 (2.20)
where
∆(~Φ) = (D −DΦ1)(D − iDΦn+1)(D −DΦ2)(D − iDΦn+2) · · · (D −DΦn)
(D − iDΦ2n)D(D + iDΦ2n)(D +DΦn) · · · (D + iDΦn+1)(D +DΦ1)
(2.21)
The operator in eq.(2.21) generates the W–currents for the conformal B(n, n) Toda field
theory. It can be written as
∆(~Φ) = (D + ~λ4n+1 ·D~Φ)(D + ~λ4n ·D~Φ) · · · · · · (D + ~λ2 ·D~Φ)(D + ~λ1 ·D~Φ) (2.22)
where ~λ1, · · · , ~λ4n+1 are the weights of the fundamental representation of the algebra (see
eq.(A.23)).
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Finally we consider the Miura transformation for the A(n, n) case. The generators
of the algebra obtained by factoring out the invariant subalgebra {I2n+2} are given in
eqs.(A.24,A.25,A.26) of the Appendix. We have
(D +D~Φ · ~h) = diag{D +DΦ1 + · · ·+DΦn + iDΦn+1 + · · ·+ iDΦ2n,
D −DΦ1 +DΦ2 + · · ·+DΦn + iDΦn+1 + · · ·+ iDΦ2n,
D −DΦ2 +DΦ3 + · · ·+DΦn + iDΦn+2 + · · ·+ iDΦ2n,
· · · · · · , D −DΦn + iDΦ2n,
D +DΦ2 + · · ·+DΦn + 2iDΦn+1 + iDΦn+2 + · · ·+ iDΦ2n,
D +DΦ3 + · · ·+DΦn + 2iDΦn+2 + iDΦn+3 + · · ·+ iDΦ2n,
· · · · · · , D + 2iDΦ2n, D} (2.23)
and
Λ =
√
2


|
On+1 | In+1
−− −− −|− −− −−
0 In | On+1
c 0 |


(2.24)
The (2n+2)–dimensional vector χ contains (n+1) fermionic and (n+1) bosonic super-
fields. The Lax equation (D +D~Φ · ~h)χ = λΛχ gives rise to the system
(D +
n∑
k=1
DΦk + i
2n∑
k=n+1
DΦk)χ1 =
√
2λχn+2
(D −DΦj +
n∑
k=j+1
DΦk + i
2n∑
k=n+j
DΦk)χj+1 =
√
2λχn+2+j j = 1, · · · , n
(D +
n∑
k=j
DΦk + 2iDΦn+j−1 + i
2n∑
k=n+j
DΦk)χn+j =
√
2λχj j = 2, · · · , n+ 1
Dχ2n+2 = c
√
2λχ1 (2.25)
Again it can be reduced to
∆(~Φ)χ1 = c(
√
2λ)2n+2χ1 (2.26)
where
∆(~Φ) = D(D −DΦn + iDΦ2n)(D + 2iDΦ2n)(D −DΦn−1 +DΦn + iDΦ2n−1 + iDΦ2n)
· · · · · · (D +DΦ2 + · · ·+DΦn + 2iDΦn+1 + iDΦn+2 + · · ·+ iDΦ2n)
(D +DΦ1 + · · ·+DΦn + iDΦn+1 + · · ·+ iDΦ2n) (2.27)
gives the Miura operator for the A(n, n) Toda field theory. This operator has the general
form
∆(~Φ) = (D + ~λ2n+2 ·D~Φ)(D + ~λ2n+1 ·D~Φ) · · · · · · (D + ~λ1 ·D~Φ) (2.28)
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in terms of the weights of the fundamental representation of the superalgebra (see eq.(A.29)).
We note that the results in eqs.(2.22,2.28) are in agreement with the statement in Ref.[10].
From the knowledge of the differential operators in eqs.(2.15,2.21,2.27) one easily
obtains the currents of the conformal Toda theories. We construct them explicitly in the
next section.
3 W–supercurrents of the conformal theories
As we have mentioned, the general action which describes the supersymmetric confor-
mally invariant Toda field theories can be obtained from eq.(2.8) by neglecting the inter-
action term associated to the lowest root ~α0. For such systems the existence of classically
conserved higher–spin supercurrents follows from the fact that the Toda field equations
are the integrability conditions of the linear problem in eq.(2.9). Indeed, in the previous
section the first of these two equations has been used to construct the Miura operator
∆(~Φ) which, for the B(n, n) and A(n, n) theories, can be written as
∆(~Φ) = Dd +
d−1∑
i=0
W (
d−1
2
− i
2
)Di (3.1)
where d is the dimension of the fundamental representation of the superalgebra. For the
D(n+ 1, n) theory the Miura operator in eq.(2.15) is non local and an identity like (3.1)
holds for the local part. In addition, because of the 1
D
factor, d equals the dimension of
the fundamental representation decreased by one.
For the D(n+1, n) and B(n, n) theories, using the Toda field equations, one can show
that
[D¯,∆(~Φ)] = 0 (3.2)
Therefore the W (s) coefficients in eq.(3.1) provide a set of classical superholomorphic
spin–s currents
D¯W (s) = 0 (3.3)
which ensure the classical integrability of these Toda systems. For the A(n, n) case the
equation (3.2) is not valid, however theW (1) current satisfies (3.3). Since theW (1) current
is proportional to the stress–energy tensor all the Toda theories under consideration
describe N = 1 superconformal models.
The renormalization of the conservation laws in (3.3) can be studied following the
procedure described in Ref.[15]. The calculation is performed using massless perturbation
theory, which is best suited for an all–loop analysis [3]. We define the quantum Lagrangian
by normal ordering the exponentials (no ultraviolet divergences), which are then treated
as interaction terms. Potential anomalies in the quantum conservation laws would arise
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from local terms in
D¯Z
〈
W (s)(Z, Z¯)
〉
≡ D¯Z
〈
W (s)(Z, Z¯) exp
(
i
β2
∫
d2wd2θ′Lint
)〉
0
(3.4)
where (Z, Z¯) ≡ (z, θ, z¯, θ¯). We introduce massless superspace propagators
〈
Φi(Z, Z¯)Φj(0, 0)
〉
= −δij β
2
4π
D¯D[log(2zz¯)δ(2)(θ)] (3.5)
and compute Wick contractions of the currents with the exponential in eq.(3.4). A spin–
s current consists in a sum of terms with 2s + 1 spinor derivatives acting on the fields.
Standard superspace techniques allow to perform first the integration on the θ–variable:
in a given loop one reduces the number of covariant spinor derivatives from the various
terms in the current and from the superspace propagators, using their commutation
relations, to at most one D and one D¯ times a number of space–time derivatives. One
obtains then a nonvanishing contribution if one ends up with exactly one D and one D¯,
in which case
δ(2)(θ − θ′)D¯Dδ(2)(θ − θ′) = δ(2)(θ − θ′) (3.6)
Moreover since we are interested in determining only local contributions, it is sufficient
to expand the exponential in eq.(3.4) to first order in Lint. In fact, once the D–algebra
has been performed we obtain terms of the form
D¯Z
∫
d2wA(z, z¯, θ, θ¯)D¯Z 1
(z − w)nB(w, w¯, θ, θ¯) (3.7)
where A, B are products of superfields and their D–derivatives. Now, using the prescrip-
tion
D¯ZD¯Z
1
(z − w)n = −i∂¯z
1
(z − w)n =
2π
(n− 1)!∂
n−1
w δ
(2)(z − w) (3.8)
we produce local contributions that we will try to cancel by renormalizing the classical
W (s)-currents, i.e. modifying them by coupling constant dependent terms. Thus for
example, if we consider a typical contribution from a spin–1 current, like the energy–
momentum tensor, we obtain
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D¯Z
〈
DΦ∂Φ
(
i
β2
∫
d2wd2θ′eΦ
)〉
❀ iD¯Z
∫
d2w
[
DΦD¯
−1
4π(z − w)De
Φ + ∂ΦD¯
i
4π(z − w)e
Φ − iβ
2
16π2
D¯
1
(z − w)2 e
Φ
]
❀
i
2
DΦDeΦ − 1
2
∂ΦeΦ − β
2
8π
∂eΦ (3.9)
where in the last equality we have kept the first term, which actually vanishes, for peda-
gogical reasons.
In the next subsections we construct the W–currents for the simplest examples of
superconformal Toda theories, namely the D(2, 1), B(1, 1) and A(1, 1) theories. We
compute first their classical expressions as derived from the Miura operator and obtain
then their exact quantum corrected version.
1) D(2, 1) Toda theory
The D(2, 1) superalgebra has rank 3 and we can express the fermionic simple roots
as 3–dimensional vectors (cfr. eq.(A.12))
~α1 = ~ε1 − ~δ1 = (1, 0,−i)
~α2 = ~δ1 − ~ε2 = (0,−1, i)
~α3 = ~δ1 + ~ε2 = (0, 1, i) (3.10)
The Toda action is written in terms of 3 scalar superfields
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ+ eΦ1−iΦ3 + e−Φ2+iΦ3 + eΦ2+iΦ3
]
(3.11)
It is symmetric under Φ2 → −Φ2; this will give rise to a corresponding definite parity of
the currents.
Specializing the Miura operator in eq.(2.15) to the n = 1 case we obtain
∆(~Φ) = (D −DΦ1)(D − iDΦ3)(D −DΦ2) 1
D
(D +DΦ2)(D + iDΦ3)(D +DΦ1)
= D5 +
2∑
i=0
W (2−
i
2
) Di + F (1)
1
D
F (1) (3.12)
where we have defined
F (1) ≡ (D −DΦ1)(D − iDΦ3)(D −DΦ2) 1 (3.13)
The local part of eq.(3.12) gives the following superholomorphic currents
W (1) = −iDΦ1∂Φ1 − iDΦ2∂Φ2 − iDΦ3∂Φ3 + 2iD∂Φ1 +D∂Φ3
W (
3
2
) = −i∂2Φ3 + iDΦ1D∂Φ1 − iDΦ2D∂Φ2 − (∂Φ3)2 − iDΦ3D∂Φ3
+2DΦ1D∂Φ3 − 2iDΦ1DΦ2∂Φ2 − 2iDΦ1DΦ3∂Φ3 + 2DΦ2∂Φ2DΦ3
W (2) =
1
2
D(W (
3
2
) +DW (1)) (3.14)
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whereas from the nonlocal term we obtain an additional spin–1 holomorphic current
F (1) = −iD∂Φ2 + iDΦ1∂Φ2 − iD(DΦ2DΦ3) + iDΦ1DΦ2DΦ3 (3.15)
In particular W (1) can be written as
W (1) = −iD~Φ · ∂~Φ + 2i~ρ ·D∂~Φ (3.16)
where ~ρ is the Weyl vector for the D(2, 1) superalgebra (see eq.(A.16) in the Appendix).
It coincides with the improved stress–energy tensor of the theory.
We turn now to the study of the quantum extension of the classical conserved currents
W (1), F (1) and W (
3
2
). We do not need to compute separately the renormalization of W (2)
since it depends linearly on W (1) and W (
3
2
).
Inserting W (1) in eq.(3.4) and searching for potential anomalous terms, it is easy to
check that in this case no anomalies appear, so that the classical expression in eq.(3.16) is
not renormalized. This result agrees with the general statement [10] based on the study of
the conformal dimensions of the interaction exponentials, according to which the quantum
corrections to the stress–energy tensor can be obtained by a renormalization of the Weyl
vector
~ρ =
1
2
∑
i
~νi −→ ~ρq =
∑
i
1
2
(1 +
β2
4π
~α2i )~νi (3.17)
where the vectors ~νi are dual to the fermionic simple roots. Since in our case all the roots
in eq.(3.10) have vanishing square, no renormalization is required. A simple calculation
shows that also the F (1) current is not renormalized.
The corresponding analysis for the spin–3
2
current is somewhat more complicated. The
most efficient way to compute the quantum corrections is to consider a linear combination
of terms as in eq.(3.14) with arbitrary coefficients
W (
3
2
) = a∂2Φ3 + bDΦ1D∂Φ1 + cDΦ2D∂Φ2 + d(∂Φ3)
2
+eDΦ3D∂Φ3 + fDΦ1D∂Φ3 + gDΦ1DΦ2∂Φ2
+hDΦ1DΦ3∂Φ3 + jDΦ2∂Φ2DΦ3 (3.18)
The unknowns a, b, · · · , j are then determined by requiring absence of anomalies in the
quantum conservation law. To this end we proceed as described at the beginning of this
section and compute all the local contributions which arise from Wick contracting the
expression in eq.(3.18) with the interaction Lagrangian. We obtain (α ≡ β2
2π
)
D¯
〈
W (
3
2
)
(
i
β2
∫
d2wd2θ′eΦ1−iΦ3
)〉
❀
([
−1
2
a+
1
2
b+
iα
4
d− i
2
f − α
4
h
]
DΦ1∂Φ1
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+
[
i
2
a− i
2
b+ (−1 + α
4
)d− 1
2
f +
i
2
(−1 + α
2
)h
]
DΦ1∂Φ3
+
[
−1
2
a− 1
2
b+
iα
4
d
]
D∂Φ1 +
[
i
2
a+
α
4
d+
i
2
e− 1
2
f
]
D∂Φ3
+
[
−1
2
g − i
2
j
]
DΦ2∂Φ2 +
[
1
2
a+ i(1− α
4
)d− 1
2
e+
1
2
(−1 + α
2
)h
]
DΦ3∂Φ3
+
[
i
2
a+
α
4
d− i
2
e +
iα
4
h
]
DΦ3∂Φ1
)
eΦ1−iΦ3 (3.19)
and
D¯
〈
W (
3
2
)
(
i
β2
∫
d2wd2θ′eΦ2+iΦ3
)〉
❀
([
i
2
a+
i
2
c+ (1− α
4
)d− α
4
j
]
DΦ2∂Φ3 +
[
1
2
a− 1
2
c+
iα
4
d
]
D∂Φ2
+
[
i
2
f +
1
2
(1 +
α
2
)g − α
4
h
]
DΦ1∂Φ2 +
[
−1
2
f +
iα
4
g +
i
2
(1− α
2
)h
]
DΦ1∂Φ3
+
[
i
2
a− α
4
d+
i
2
e− 1
2
(1 +
α
2
)j
]
DΦ3∂Φ2
+
[
1
2
a+
1
2
c+
iα
4
d+
i
2
(1 +
α
2
)j
]
DΦ2∂Φ2
+
[
−1
2
a + i(1− α
4
)d− 1
2
e− iα
4
j
]
DΦ3∂Φ3 +
[
1
2
g − 1
2
h
]
DΦ1DΦ2DΦ3
+
[
i
2
a− α
4
d− i
2
e
]
D∂Φ3
)
eΦ2+iΦ3 (3.20)
The third exponential needs not be considered because of the Φ2–symmetry of the La-
grangian. The W (
3
2
) current will satisfy the conservation equation (3.3) if the coefficients
of the various terms separately vanish. This leads to a set of equations for a, b, . . . , j
which can be solved nontrivially. Thus we obtain, up to an overall normalization factor,
the quantum spin-3
2
conserved current
W (
3
2
) = −i∂2Φ3 + i
(
1− β
2
4π
)
DΦ1D∂Φ1 − i
(
1 +
β2
4π
)
DΦ2D∂Φ2
−(∂Φ3)2 − i
(
1 +
β2
4π
)
DΦ3D∂Φ3 + 2DΦ1D∂Φ3 − 2iDΦ1DΦ2∂Φ2
−2iDΦ1DΦ3∂Φ3 + 2DΦ2∂Φ2DΦ3 (3.21)
Setting β2 = 0 the classical current in eq.(3.14) is recovered.
2) B(1, 1) Toda theory
For the case of the B(1, 1) superalgebra a convenient choice for the two simple roots
is (cfr. eq.(A.19))
~α1 = ~ε1 − ~δ1 = (1,−i)
~α2 = ~δ1 = (0, i) (3.22)
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The corresponding supersymmetric Toda action is then given by
S =
1
β2
∫
d2zd2θ
[
DΦ1D¯Φ1 +DΦ2D¯Φ2 + e
Φ1−iΦ2 + 2eiΦ2
]
(3.23)
The classical W–algebra is obtained from the Miura operator in eq.(2.21) setting n = 1.
Explicitly we have
(D −DΦ1)(D − iDΦ2)D(D + iDΦ2)(D +DΦ1) = D5 +
2∑
i=0
W (2−
i
2
) Di (3.24)
where
W (1) = −iDΦ1∂Φ1 − iDΦ2∂Φ2 +D∂Φ2 + 2iD∂Φ1
W (
3
2
) = −i∂2Φ2 + iDΦ1D∂Φ1 − (∂Φ2)2 − iDΦ2D∂Φ2
+2DΦ1D∂Φ2 − 2iDΦ1DΦ2∂Φ2
W (2) = −D∂2Φ1 +DΦ1∂2Φ1 − iDΦ1∂2Φ2 + iD∂Φ2∂Φ1 − (∂Φ2)2DΦ1
+∂Φ2DΦ2∂Φ1 − iDΦ2D∂Φ2DΦ1
=
1
2
D(W (
3
2
) +DW (1)) (3.25)
We note that W (1) gives again the stress-energy tensor
W (1) = −iD~Φ · ∂~Φ + 2i~ρ ·D∂~Φ (3.26)
where ~ρ is the Weyl vector (see eq.(A.16) in the Appendix).
In Ref.[15] we have shown that the holomorphic currents in eq.(3.25) maintain their
form at the quantum level too, albeit the coefficients of the various terms acquire a
coupling constant dependence. We report here the results and refer for details of the
calculation to Ref.[15]. The quantum holomorphic stress-energy tensor is given by
W (1) = −iDΦ1∂Φ1 − iDΦ2∂Φ2 + (1− β
2
4π
)D∂Φ2 + 2i(1− β
2
8π
)D∂Φ1 (3.27)
We note that the stress–energy tensor is renormalized according to eq.(3.17): in this case
one of the fermionic roots has nonvanishing norm. For the spin–3
2
current one obtains
the following result
W (
3
2
) = −i(1− β
2
4π
)∂2Φ2 + i(1− β
2
2π
)DΦ1D∂Φ1 − (∂Φ2)2 − iDΦ2D∂Φ2
+2(1− β
2
4π
)DΦ1D∂Φ2 − 2iDΦ1DΦ2∂Φ2 (3.28)
The quantum version for the spin–2 current can be obtained from eqs. (3.27) and (3.28)
since W (2) is linearly dependent on W (1) and W (
3
2
).
3) A(1, 1) Toda theory
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For the rank–2 superalgebra A(1, 1) an explicit realization of the fermionic simple
roots is (cfr. eq.(A.24))
~α1 = ~ε1 − ~δ1 = (1,−i)
~α2 = ~ε1 + ~δ1 = (1, i)
~α3 = −~α1 (3.29)
Using this basis, the Toda action takes the form
S =
1
β2
∫
d2zd2θ
[
DΦ1D¯Φ1 +DΦ2D¯Φ2 + e
Φ1−iΦ2 + eΦ1+iΦ2 + e−Φ1+iΦ2
]
(3.30)
The Miura operator in eq.(2.27) for n = 1 becomes
D(D −DΦ1 + iDΦ2)(D + 2iDΦ2)(D +DΦ1 + iDΦ2) = D4 +
2∑
i=0
W (
3
2
− i
2
) Di (3.31)
where the spin–s classical currents are
W (
1
2
) = −2∂Φ2 + 2iDΦ2DΦ1
W (1) = iDΦ1∂Φ1 + iDΦ2∂Φ2 − iD∂Φ1 −D∂Φ2 + iD(DΦ2DΦ1)
W (
3
2
) = −D(W (1) −DW ( 12 )) (3.32)
The classical stress–energy tensor is given by the holomorphic current W (1), whereas
W (
1
2
) and W (
3
2
) simply satisfy the conservation equations
D¯W (
1
2
) = −2De−Φ1+iΦ2 D¯W ( 32 ) = −2iD∂e−Φ1+iΦ2 (3.33)
The expressions in eq.(3.32) give also the correct currents for the quantum system
since in this case no anomalies appear in the study of the quantum conservation laws in
eq.(3.4).
4 Supercurrents of affine supersymmetric Toda the-
ories
We consider now the untwisted affine supersymmetric Toda theories described by the
action in eq.(2.8). These models are not conformally invariant due to the presence of a
mass scale. The conservation equation of the stress–energy tensor is then modified by
the appearance of a nonvanishing trace T¯
D¯T +DT¯ = 0 (4.1)
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where T can still be written in the form
T = −iD~Φ · ∂~Φ + 2i~ρ ·D∂~Φ (4.2)
In order to exhibit the integrability of these theories we have to prove that they
possess higher–spin currents J (s), s > 1, satisfying the conservation law
D¯J (s) +DJ¯ (s) = 0 (4.3)
which reduces to eq.(4.1) for s = 1. As for the bosonic case [11], the classical integrability
should be guaranteed by the Lax equations (2.9) [16]. However, for affine Toda theories
based on Lie superalgebras a general procedure is still lacking.
For the simplest cases of the D(1)(2, 1), B(1)(1, 1) and A(1)(1, 1) theories we have
established the existence of higher–spin conserved currents at the classical and quantum
level, by using the approach described in the previous section. We compute
D¯Z
〈
J (s)(Z, Z¯)
〉
≡ D¯Z
〈
J (s)(Z, Z¯) exp
(
i
β2
∫
d2wd2θ′Lint
)〉
0
(4.4)
and search for anomalous local terms which are not expressible as D-derivatives of some
appropriate J¯ . Any current of the form J (s) = DJ (s− 12 ) is not relevant since it trivially
satisfies eq.(4.3). Furthermore, since we are not planning to determine the actual form
of J¯ , in the course of the calculation we drop total D–derivatives and freely integrate
by parts on z, θ. We concentrate here on the explicit construction of the quantum J (s)
conserved currents up to total D–derivatives.
1) D(1)(2, 1) Toda theory
The untwisted affine extension of the D(2, 1) theory is obtained by the addition to
the set of simple roots in eq.(3.10) of the corresponding fermionic lowest root ~α0 =
−(~α1 + ~α2 + ~α3) = (−1, 0,−i). The supersymmetric action is
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ + eΦ1−iΦ3 + e−Φ2+iΦ3 + eΦ2+iΦ3 + e−Φ1−iΦ3
]
(4.5)
The theory is still renormalizable; as for the conformal case the only ultraviolet diver-
gences arise from tadpole–type diagrams and they can be cancelled by normal ordering
the exponentials in the Lagrangian.
The action in eq.(4.5) is invariant under the following discrete symmetries: Φ1 → −Φ1,
Φ2 → −Φ2 and (Φ1,Φ2,Φ3)→ (Φ2,Φ1,−Φ3). Therefore we look for higher–spin currents
with a definite parity under these symmetries. An explicit calculation reveals that the
theory does not possess conserved currents with spin s = 3
2
, 2, 5
2
. In particular, the W (
3
2
)
current present in the conformal case does not survive the affinization since it does not
respect the above symmetries.
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The first non trivial conserved current appears at level s = 3. To find its expression
we write the most general linear combination of terms with seven D–derivatives acting
on the superfields Φ1,Φ2,Φ3, even under the symmetries of the Lagrangian. Up to total
D–derivative contributions, we have
J (3) = a[D∂Φ1∂
2Φ1 +D∂Φ2∂
2Φ2] + bD∂Φ3∂
2Φ3
+c[DΦ1∂Φ1∂
2Φ3 −DΦ2∂Φ2∂2Φ3] + d[(∂Φ1)2D∂Φ3 − (∂Φ2)2D∂Φ3]
+e[(∂Φ1)
3DΦ1 + (∂Φ2)
3DΦ2] + f(∂Φ3)
3DΦ3
+g[DΦ1∂Φ1(∂Φ3)
2 +DΦ2∂Φ2(∂Φ3)
2]
+h[DΦ1D∂Φ1DΦ3∂Φ3 +DΦ2D∂Φ2DΦ3∂Φ3]
+j[(∂Φ1)
2∂Φ3DΦ3 + (∂Φ2)
2∂Φ3DΦ3]
+(k + in)DΦ1∂Φ1(∂Φ2)
2 + nDΦ1D∂Φ1DΦ2∂Φ2 + k(∂Φ1)
2∂Φ2DΦ2
+qDΦ1∂Φ1DΦ2∂Φ2DΦ3 (4.6)
We insert J (3) in eq.(4.4) and perform the Wick contractions with the interaction La-
grangian. We can exploit the symmetries of the action and the current, so that we need
consider only contractions with one exponential. Using identities valid up to integra-
tion by parts and dropping total D–derivatives, the resulting local contributions can be
arranged as follows (α ≡ β2
2π
):
D¯
〈
J (3)
(
i
β2
∫
d2wd2θ′eΦ1−iΦ3
)〉
❀
([
ic+ id− α
2
g − α
2
j +
(
1 +
α
2
)
(k + in) +
(
2 +
α
2
)
k + in
−
(
1 +
α
2
)
q
]
∂Φ2∂
2Φ2
+
[
−1
2
c− iα
4
g − α
4
h + i
(
1 +
α
4
)
k − 1
2
n− i
2
(
1 +
α
2
)
q
]
DΦ2D∂
2Φ2
+
[
ig + ij − i(k + in)− ik + i
2
q
]
(∂Φ2)
2∂Φ3 +
[
−g + ih+ k − 1
2
q
]
DΦ2D∂Φ2∂Φ3
+
[
−g + α
4
q
]
DΦ2∂Φ2D∂Φ3 +
[
i
2
h + j − (k + in) + i
2
n
]
∂Φ2D∂Φ2DΦ3
+
[
− i
2
h+
i
2
n
]
DΦ2∂
2Φ2DΦ3 +
[
n− ik + i
2
(
1 +
α
2
)
q
]
DΦ2∂Φ2D∂Φ1
+
[
−a− i
2
(
1 +
α
2
)
c− i
(
1 +
α
4
)
d+
(
1 +
9α
4
+
α2
4
)
e
−
(
α
4
+
α2
8
)
g − iα
4
h−
(
α
2
+
α2
8
)
j
]
∂Φ1∂
2Φ1
+
[
ia− 1
2
(
−1 + α
2
)
c− α
4
d+ i
(
2 +
3α
4
− α
2
4
)
e− i
(
5α
4
− α
2
8
)
g
+
1
2
(
1− α
2
)
h− i
(
1 + α− α
2
8
)
j
]
∂Φ3∂
2Φ1
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+[
ib−
(
1 +
α
4
)
c−
(
1 +
α
4
)
d+ 2ie + i
(
3α
4
+
α2
4
)
f − i
(
1 + α +
α2
8
)
g
+
1
2
h− i
(
2 +
5α
4
+
α2
8
)
j
]
∂Φ1∂
2Φ3
+
[
b+
iα
4
c+
iα
4
d+
(
1− 9α
4
+
α2
4
)
f +
(
α
2
− α
2
8
)
g +
(
α
4
− α
2
8
)
j
]
∂Φ3∂
2Φ3
+
[
− i
2
c− 3α
4
f +
(
1 +
α
2
)
g +
i
2
(
1− α
4
)
h +
(
1 +
α
4
)
j
]
DΦ1D∂
2Φ3
+
[
i
2
c−
(
3 +
3α
4
)
e+
α
4
g +
iα
8
h+
(
1 +
α
2
)
j
]
DΦ3D∂
2Φ1
+
[
id+ 3e+
α
2
g +
i
2
(1− α)h−
(
1 +
α
2
)
j
]
D∂Φ1D∂Φ3
+
[
−3ie + ig − 1
2
h+ 2ij
]
D∂Φ1DΦ3∂Φ3 + [2e+ 2f − 2g − 2j] (∂Φ3)2∂Φ1
+
[
−3if + 2ig + 1
2
h+ ij
]
∂Φ3D∂Φ3DΦ1
)
eΦ1−iΦ3 (4.7)
Since the various terms in the r.h.s. of eq.(4.7) are all independent up to total D–
derivatives, the J (3) current is conserved only if the coefficients separately vanish. This
condition gives a system of equations which determine the unknowns a, b, · · · , q uniquely,
up to an overall factor. The J (3) quantum conserved current is
J (3) = −i
(
4 +
3β2
8π
− 35β
4
64π2
) [
D∂Φ1∂
2Φ1 +D∂Φ2∂
2Φ2
]
−i
(
1− 3β
2
4π
− 35β
4
64π2
)
D∂Φ3∂
2Φ3 + i
(
1 +
3β2
8π
)
(∂Φ3)
3DΦ3
−6
(
1 +
3β2
8π
) [
DΦ1∂Φ1∂
2Φ3 −DΦ2∂Φ2∂2Φ3
]
+6
(
1 +
β2
4π
) [
(∂Φ1)
2D∂Φ3 − (∂Φ2)2D∂Φ3
]
−i
(
1− 3β
2
8π
) [
(∂Φ1)
3DΦ1 + (∂Φ2)
3DΦ2
]
−i3β
2
2π
[
DΦ1∂Φ1(∂Φ3)
2 +DΦ2∂Φ2(∂Φ3)
2
]
−6
(
1 +
5β2
8π
)
[DΦ1D∂Φ1DΦ3∂Φ3 +DΦ2D∂Φ2DΦ3∂Φ3]
+i
9β2
4π
[
(∂Φ1)
2∂Φ3DΦ3 + (∂Φ2)
2∂Φ3DΦ3
]
−6i
(
1 +
β2
4π
)
DΦ1∂Φ1(∂Φ2)
2 − 6
(
1 +
5β2
8π
)
DΦ1D∂Φ1DΦ2∂Φ2
+i
9β2
4π
(∂Φ1)
2∂Φ2DΦ2 − 12iDΦ1∂Φ1DΦ2∂Φ2DΦ3 (4.8)
We note that the classical current obtained in the limit β2 → 0 can be written, up to
17
total D–derivative terms, as a function of the W and F (1) currents in eqs.(3.14,3.15)
J (3) =W (1)DW (1) + 2W (1)W (
3
2
) + 4F (1)DF (1) (4.9)
In the conformal case the three terms are separately holomorphic currents, whereas in the
perturbed theory only the linear combination in eq.(4.9) satisfies the classical conservation
law. At the quantum level, since J (3) is a composite operator we could not simply
insert the quantum expressions of the W (1) and W (
3
2
) currents in eq.(4.9). The lengthy
calculation in eq.(4.7) was needed in order to obtain the complete renormalized form of
J (3).
2) B(1)(1, 1) Toda theory
With the choice of simple roots in eq.(3.22), the lowest root of the B(1)(1, 1) model is
given by ~α0 = −(~α1 + 2~α2) = (−1,−i). The affine action is
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ+ eΦ1−iΦ2 + 2eiΦ2 + e−Φ1−iΦ2
]
(4.10)
This system does not have nontrivial conserved currents of spin s = 3
2
or s = 2. In
particular the W (
3
2
) current is not conserved in the affine case because it does not respect
the discrete symmetry Φ1 → −Φ1 of the action.
The first higher–spin current appears at s = 3. Its construction is performed following
the same steps as for the D(1)(2, 1) case. We consider up to total D–derivative terms the
most general expression, even in Φ1
J (3) = aD∂Φ1∂
2Φ1 + bD∂Φ2∂
2Φ2 + cDΦ1∂Φ1∂
2Φ2 + d(∂Φ1)
2D∂Φ2
+ e(∂Φ1)
3DΦ1 + f(∂Φ2)
3DΦ2 + gDΦ1∂Φ1(∂Φ2)
2
+ hDΦ1D∂Φ1DΦ2∂Φ2 + k(∂Φ1)
2∂Φ2DΦ2 (4.11)
and compute all the local contributions which arise from Wick contracting with the
interaction Lagrangian. The anomaly cancellation requirement leads to a set of equations
for a, b, . . . , k which can be solved nontrivially. Details of the calculation are contained
in Ref.[15]. We quote here the result for the quantum J (3) current
J (3) = i
(
−4 + 13
8π
β2 +
7
32π2
β4 − β
6
64π3
)
D∂Φ1∂
2Φ1
− i
(
1− 7
8π
β2 − 7
32π2
β4 +
β6
64π3
)
D∂Φ2∂
2Φ2
+
(
−6 + 3
2π
β2
)
DΦ1∂Φ1∂
2Φ2 +
(
6− 9
4π
β2 +
3
16π2
β4
)
(∂Φ1)
2D∂Φ2
− i
(
1− β
2
2π
)
(∂Φ1)
3DΦ1 + i
(
1 +
β2
4π
)
(∂Φ2)
3DΦ2
− 6DΦ1D∂Φ1DΦ2∂Φ2 + 3i
4π
β2(∂Φ1)
2∂Φ2DΦ2 (4.12)
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The classical current is obtained by setting β2 = 0. At the classical level J (3) is equivalent,
up to total D–derivative terms, to the classical current W (1)DW (1) + 2W (1)W (
3
2
).
3) A(1)(1, 1) Toda theory
A particular realization of the simple roots for the A(1, 1) superalgebra is the one in
eq.(3.29). The corresponding fermionic lowest root is then given by ~α0 = −~α2 = (−1,−i).
The A(1)(1, 1) affine Toda action is
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ+ eΦ1−iΦ2 + eΦ1+iΦ2 + e−Φ1+iΦ2 + e−Φ1−iΦ2
]
(4.13)
It is symmetric under Φ1 → −Φ1 and Φ2 → −Φ2. The first nontrivial conserved current
appears again at s = 3. The most general linear combination of terms with seven D–
derivatives, even under the above mentioned discrete symmetries is
J (3) = aD∂Φ1∂
2Φ1 + bD∂Φ2∂
2Φ2 + cDΦ1(∂Φ1)
3 + dDΦ2(∂Φ2)
3
+e(∂Φ1)
2DΦ2∂Φ2 + f(∂Φ2)
2DΦ1∂Φ1
+gDΦ1D∂Φ1DΦ2∂Φ2 (4.14)
We find (α ≡ β2
2π
)
D¯
〈
J (3)
(
i
β2
∫
d2wd2θ′eΦ1+iΦ2
)〉
❀
([
−a + (1 + 9α
4
+
α2
4
)c− (α
2
+
α2
8
)e− (α
4
+
α2
8
)f − iα
4
g
]
∂Φ1∂
2Φ1
+
[
b+ (1− 9α
4
+
α2
4
)d+ (
α
4
− α
2
8
)e+ (
α
2
− α
2
8
)f
]
∂Φ2∂
2Φ2
+
[
−ia− i(2 + 3α
4
− α
2
4
)c+ i(1 + α− α
2
8
)e+ i(
5α
4
− α
2
8
)f
+(−1
2
+
α
4
)g
]
∂Φ2∂
2Φ1
+
[
−ib− 2ic− i(3α
4
+
α2
4
)d+ i(2 +
5α
4
+
α2
8
)e+ i(1 + α +
α2
8
)f − 1
2
g
]
∂Φ1∂
2Φ2
+
[
−3c + (1 + α
2
)e− α
2
f − i
2
(1− α)g
]
D∂Φ1D∂Φ2
+
[
−3(1 + α
4
)c+ (1 +
α
2
)e +
α
4
f +
iα
8
g
]
D∂2Φ1DΦ2
+
[
3α
4
d− (1 + α
4
)e− (1 + α
2
)f +
i
2
(−1 + α
4
)g
]
DΦ1D∂
2Φ2
+
[
3id− ie− 2if − 1
2
g
]
DΦ1∂Φ2D∂Φ2 + [2c+ 2d− 2e− 2f ] ∂Φ1(∂Φ2)2
+
[
−3ic + 2ie+ if − 1
2
g
]
D∂Φ1DΦ2∂Φ2
)
eΦ1+iΦ2 (4.15)
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where the result has been expressed in terms of an independent set. In this case too
the contractions with the other exponentials need not be considered on the basis of the
symmetries of the Lagrangian. The quantum current is determined, up to an overall
normalization factor, by imposing that the r.h.s. vanishes. We find
J (3) = −i
(
1− 11β
4
16π2
)
[D∂Φ1∂
2Φ1 +D∂Φ2∂
2Φ2]− i
(
1− 3β
2
4π
)
DΦ1(∂Φ1)
3
+i
(
1 +
3β2
4π
)
DΦ2(∂Φ2)
3 − i
(
3− 9β
2
4π
)
(∂Φ1)
2DΦ2∂Φ2
+i
(
3− 3β
2
4π
)
(∂Φ2)
2DΦ1∂Φ1 − 3β
2
π
DΦ1D∂Φ1DΦ2∂Φ2 (4.16)
Setting β2 = 0 we obtain the classical J (3) current which is expressible as a linear com-
bination of the W–currents
J (3) = W (1)DW (1) − iW (1)∂W ( 12 ) + 1
2
(W (
1
2
))2W (1) (4.17)
5 The mass spectrum
In this section we study the classical mass spectrum of the fundamental particles of the
affine Toda theories based on the D(1)(n+ 1, n), B(1)(n, n) and A(1)(n, n) superalgebras,
and for the first simplest cases we compute one–loop corrections to the masses. From the
general expression of the affine supersymmetric Toda action in eq.(2.8), expanding the
potential up to third order, we obtain the mass matrix and the three–point couplings
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ+ 1
2
r∑
i=0
qiα
a
i α
b
iΦaΦb +
1
3!
r∑
i=0
qiα
a
iα
b
iα
c
iΦaΦbΦc +O(Φ
4)
]
≡ 1
β2
∫
d2zd2θ
[
~Φ(D¯D −M)~Φ + cabcΦaΦbΦc +O(Φ4)
]
(5.1)
The first order term is zero due to the definition of the Kacˇ labels qi (
∑r
i=0 qi ~αi = 0).
The second order term contains the matrix
Mab ≡ −1
2
r∑
i=0
qiα
a
i α
b
i (5.2)
whose eigenvalues give the supersymmetric classical mass spectrum. In terms of the mass
eigenvalues Mk, the masses of the bosonic particles are m
2
k = 2M
2
k . With the choice of
simple roots listed in the Appendix, the mass matrix in eq.(5.2) for the D(1)(n + 1, n),
B(1)(n, n) and A(1)(n, n) models is not diagonal, so that in order to determine the mass
spectrum one has to solve the corresponding eigenvalue problem. We have not succeeded
in doing this for general n, but we have studied a number of theories and guessed the
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general expression of the masses mk. They are given by
D(1)(n+ 1, n) : m2k = 8sin
22πk
h
k = 1, · · · , 2n− 1
m22n = m
2
2n+1 = 2 (5.3)
B(1)(n, n) : m2k = 8sin
22πk
h
k = 1, · · · , 2n− 1
m22n = 2 (5.4)
A(1)(n, n) : m2k = m
2
2n+1−k = 8sin
2 2πk
h
k = 1, · · · , n (5.5)
where h is the Coxeter number of the superalgebras, h = 4n for D(1)(n + 1, n) and
B(1)(n, n), h = 2n + 2 for A(1)(n, n). We have checked our guess with the computer
program Mathematica for the cases n = 1, · · · , 6.
We note that the mass spectrum for the B(1)(n, n) theory is naturally obtained from
the spectrum of the D(1)(n+1, n) model by setting Φ2n+1 ≡ 0, which corresponds to the
folding operation from the B(1)(n, n) Dynkin diagram to the D(1)(n + 1, n) one.
We stress that the masses of all these theories are real despite the manifest nonher-
miticity of the action in eq.(2.8).
In the D–theories the n, 2n and 2n+1 particles are at threshold, due to the particular
mass relations mn = 2m2n = 2m2n+1. In the same way we have mn = 2m2n for the B–
theories. As a result of this, divergent contributions similar to the ones discussed in
Ref.[17], could be produced in on–shell amplitudes. However, one can show that wave–
function renormalizations are sufficient to make these theories well defined.
In order to compute one–loop mass corrections one needs evaluate on–shell self–energy
supergraphs. It is convenient to perform the calculation using a basis of superfields in
which the mass matrix M is diagonal. In this way we have massive propagators for each
internal line of a Feynman supergraph
〈Φi(Z, Z¯)Φj(0, 0)〉 = −iδijβ2 (D¯D +Mi)
✷+ 2M2i
δ(2)(θ) (5.6)
whereas external lines satisfy the on–shell condition D¯DΦj = MjΦj . The one–loop
contribution to the effective action (eiS → eiΓ) from a generic self–energy diagram with
particle i on the external lines, and j, k internal, is of the form
∫
d2θ Φi(D¯D +Mj +Mk)Φi Σ(p
2
i ;m
2
j , m
2
k) (5.7)
where
Σ(p2i ;m
2
j , m
2
k) =
1
(2π)2
∫
d2k
(k2 −m2j )[(k − pi)2 −m2k]
(5.8)
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We have computed one–loop mass corrections for theD(1)(2, 1) andD(1)(3, 2) theories,
for the B(1)(1, 1) and B(1)(2, 2) theories and finally for the A(1)(1, 1) and A(1)(2, 2) models.
As already mentioned, in the D and B cases threshold divergences are produced at
intermediate stages of the calculation but they all cancel in the final answer. We have
found that in the D(1)(n + 1, n) and A(1)(n, n) theories with n = 1, 2, the classical
mass spectrum is stable under quantization, since the couplings and the masses for these
theories are such that the on–shell contributions from self–energy supergraphs always
sum up to zero. Absence of one–loop mass renormalization is verified also for the two
supermultiplets described by the B(1)(1, 1) model. At level n = 2, while the masses of the
two superfields at threshold, i.e. the lightest and the heaviest, are still not renormalized,
nonvanishing mass contributions are produced for the the other two. In general we
expect that the classical mass ratios of the B(1)(n, n) models will be spoiled by quantum
corrections following a pattern which is typical of bosonic nonsimply-laced Toda theories.
We show this explicitly on the B(1)(2, 2) example.
The classical Lagrangian of the B(1)(2, 2) theory is given by
L = D~Φ · D¯~Φ + eΦ1−iΦ3 + 2eiΦ3−Φ2 + 2eΦ2−iΦ4 + 2eiΦ4 + e−Φ1−iΦ3 (5.9)
In this basis, which corresponds to the realization of roots as in eq.(A.19,A.20) for n = 2,
the mass matrix is not diagonal. We obtain a diagonal basis through the change of
variables
Φ1 → Φ4 Φ2 → i
√√
2− 1√
2
Φ1 +
√√
2 + 1√
2
Φ3
Φ3 →
√√
2 + 1
2
Φ1 +
1√
2
Φ2 − i
√√
2− 1
2
Φ3
Φ2 →
√√
2 + 1
2
Φ1 − 1√
2
Φ2 − i
√√
2− 1
2
Φ3 (5.10)
The relabeling of the fields has been chosen in such a way that the corresponding masses
are the ones in eq.(5.4); specifically we have
m21 = 4 m
2
2 = 8 m
2
3 = 4 m
2
4 = 2 (5.11)
The three–point couplings in the new basis are
L(3) = i√
2
Φ2Φ
2
1 +
i√
2
Φ2Φ
2
3 +
√
2Φ1Φ2Φ3
− i√
2
Φ2Φ
2
4 −
i
√√
2 + 1
2
Φ1Φ
2
4 −
√√
2− 1
2
Φ3Φ
2
4 (5.12)
One-loop mass corrections arise from the diagrams shown in Fig.2.
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In terms of the momentum integrals Σ(p2i ;m
2
j , m
2
k) in eq.(5.8), the contributions from
the various supergraphs evaluated on–shell are
(a) : 1√
2
Σ(m21;m
2
4, m
2
4) (b) : − 4(1 +
√
2)Σ(m21;m
2
1, m
2
2)
(c) : 4Σ(m21;m
2
2, m
2
3)
(d) : − 2(√2 + 1)Σ(m22;m21, m21) (e) : 2(
√
2 − 1)Σ(m22;m23, m23)
(f) : 0 (g) : 4Σ(m22;m
2
1, m
2
3)
(h) : 4(
√
2 − 1)Σ(m23;m22, m23) (i) : − 1√2Σ(m23;m24, m24)
(l) : 4Σ(m23;m
2
1, m
2
2)
(m) : 0 (n) :
√
2Σ(m24;m
2
1, m
2
4)
(o) : −√2Σ(m24;m23, m24)
(5.13)
Using the equalities Σ(m21;m
2
1, m
2
2) = Σ(m
2
1;m
2
2, m
2
3) and Σ(m
2
1;m
2
4, m
2
4) = 4Σ(m
2
1;m
2
1, m
2
2)
we obtain the one–loop mass corrections
∆M1 = −∆M3 = −i
√
2β2Σ(m21;m
2
1, m
2
2) =
β2
32
√
2
∆M2 = ∆M4 = 0 (5.14)
Therefore the classical mass ratios of the B(1)(2, 2) theory are not maintained.
The analysis of the mass spectrum we have presented is not complete since the affine
supersymmetric Toda theories admit soliton configurations. At the classical level the
presence of such solutions is signalled by the periodicity of the potential under a shift of
the superfields associated to the imaginary components of the roots
~Φ→ ~Φ + 2π~ω (5.15)
with ~ω ·~αi = k and k any integer. For the D(1)(n+1, n) and B(1)(n, n) theories supersym-
metric soliton solutions can be constructed in a straightforward manner since setting to
zero the superfields associated to the real components of the roots amounts to consider n
decoupled supersine-Gordon systems. In these cases one can then borrow all the results
in the literature [18] and obtain the complete solitonic spectrum.
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For the A(1)(n, n) theories, when n ≥ 2 the situation is more complicated: looking
at the explicit expressions of the roots in eq.(A.24,A.25) it is clear that the interaction
between the n superfields associated to the imaginary components of the roots is highly
nontrivial. The general construction of soliton solutions is beyond the scope of this paper.
6 Conclusions
We have considered Toda theories based on Lie superalgebras for which an extended
set of fermionic roots exist: the corresponding field theories are supersymmetric. More
precisely we have given an explicit lagrangian realization in N = 1 superspace for the
D(n + 1, n), B(n, n) and A(n, n) theories. These systems, although nonunitary, are
quantum integrable. We have constructed the superspace Miura operators and computed
the exact renormalized expressions of the currents which determine the W-symmetries
of the conformal theories. The existence of quantum conserved higher–spin currents has
then been established for specific examples in the untwisted affine cases, namely we have
proven conservation to all–loop order of the spin–3 current for the D(1)(2, 1), B(1)(1, 1)
and A(1)(1, 1) theories.
The affine theories are massive systems: we have computed one–loop corrections to
the particle mass spectrum and found results that parallel the situation for bosonic Toda
theories based on simply-laced and nonsimply-laced Lie algebras.
All the calculations we have presented have been obtained taking advantage of a full
superspace approach. We emphasize that this formalism is particularly advantageous
in the study of the renormalization of the supercurrents, since a component calculation
would have been prohibitively complicated.
Having exhibited the existence of higher–spin charges which commute with the super-
symmetric hamiltonians, we could proceed to the determination of the S matrices, which
are now guaranteed to be elastic and factorizable. For supersymmetric Toda theories,
as compared to unitary Toda systems, things are not so straightforward: the presence
of solitonic configurations alters the mass spectrum in a substantial way and the full
quantum group approach is then required for the construction of the complete S-matrix
[19].
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A Appendix
In this appendix we list some of the basic properties, the Dynkin diagrams and the set
of fermionic simple roots for superalgebras 1 which admit a fermionic untwisted affine
extension. We also give the generators and the weights in the fundamental representation,
which are needed to construct the Miura transformation for the corresponding Toda
theories.
We remind that, given a rank–r superalgebra with a completely fermionic set of simple
roots, its generators ha, e
+
i , e
−
j satisfy
[ha, hb] = 0 [ha, e
±
j ] = ±αaj e±j {e+i , e−j } = δijhaαai (A.1)
where { , } indicates the anticommutation operator. The simple roots αj are linear func-
tionals on the Cartan subalgebra H and they can be realized explicitly as r–dimensional
vectors with components αaj ≡ αj(ha). It is convenient to represent the roots in terms of
vectors ~εi, ~δj, defined by
~εi · ~εj = δij ~δi · ~δj = −δij ~εi · ~δj = 0 (A.2)
We will give explicit expressions of the generators of the various superalgebras in
the fundamental representation. To this end we introduce a set of complex matrices
M(p|q; C) of the form
M =

 A B
C D

 (A.3)
where the dimensions of the submatrices A, B, C and D are respectively p × p, p × q
q × p and q × q. The matrix M is said to be even if C = B = 0, odd if A = D = 0. The
generators ~h, e±j are then expressed as d×d such matrices, being d = p+ q the dimension
of the fundamental representation of the superalgebra, in terms of the basis
(ei,j)kl = δikδjl (A.4)
The weights λ can be obtained through the following general construction. Given a
representation Γ for the superalgebra, the weights λ are defined by the relation
Γ(h)ψ(λ) = λ(h)ψ(λ) (A.5)
where Γ(h) is a diagonal matrix which realizes the Γ–representation of an element h in the
Cartan subalgebra and ψ(λ) is a set of common eigenvectors for the matrices Γ(h). Since
the weights are linear functionals on H, they can be expressed as linear combinations of
the simple roots
λ =
r∑
j=1
µjαj (A.6)
1A comprehensive introduction to superalgebras is contained in Ref.[20]
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where the set of coefficients µj can be determined by solving the system obtained from
the relation (A.6) evaluated on each element of the H basis:
λ(h1) =
r∑
j=1
µjαj(h1)
λ(h2) =
r∑
j=1
µjαj(h2)
· · ·
λ(hr) =
r∑
j=1
µjαj(hr) (A.7)
Remembering that αj(ha) = α
a
j are the components of the simple roots, we can express the
coefficients µj as linear functions of λ(h1) · · ·λ(hr). Finally, if we define λj(h) ≡ (Γ(h))jj,
the weights in eq.(A.6) are given by
λ1 =
r∑
j=1
µj(Γ(h1)11 · · ·Γ(hr)11) αj
λ2 =
r∑
j=1
µj(Γ(h1)22 · · ·Γ(hr)22) αj
· · ·
λs =
r∑
j=1
µj(Γ(h1)ss · · ·Γ(hr)ss) αj (A.8)
where s is the dimension of the Γ–representation. In the following we will work in the
fundamental representation.
We explicitly give results for the superalgebras D(n + 1, n), B(n, n) and A(n, n).
The Dynkin diagrams of the corresponding untwisted affine extensions are represented
in Fig.1. The diagrams encode informations about the lengths of the roots ~α2i and their
inner products, defined as ~αi · ~αj = ∑rk=1 αki αkj (no complex conjugation). The Kacˇ labels
are also explicitly shown, with q0 = 1 so that
∑r
i=0 qi~αi = 0. Their sum defines the
Coxeter number h
h =
r∑
i=0
qi (A.9)
1) D(n+ 1, n), n ≥ 1
The D(n+ 1, n) superalgebra is a simple superalgebra with rank 2n+ 1. An explicit
realization is given in terms of matrices in M(2n+ 2|2n; C) satisfying the condition
M stK + (−1)deg(M)KM = 0 (A.10)
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where M st indicates the supertranspose of the matrix M and
K =


0 In+1 0 0
In+1 0 0 0
0 0 0 In
0 0 −In 0

 (A.11)
This provides the fundamental representation of the algebra D(n+ 1, n).
The completely fermionic extended Dynkin diagram is given in Fig.1. A corresponding
choice of positive simple roots and generators is
~α1 = ~ε1 − ~δ1 e+1 = e1,2n+3 + e3n+3,n+2
~α2 = ~δ1 − ~ε2 e+2 = en+3,3n+3 − e2n+3,2
· · · · · ·
~α2n−1 = ~εn − ~δn e+2n−1 = en,3n+2 + e4n+2,2n+1
~α2n = ~δn − ~εn+1 e+2n = e2n+2,4n+2 − e3n+2,n+1
~α2n+1 = ~δn + ~εn+1 e
+
2n+1 = en+1,4n+2 − e3n+2,2n+2 (A.12)
while the lowest root is given by
~α0 = −~ε1 − ~δ1 e+0 = en+2,2n+3 + e3n+3,1 (A.13)
For any generator e+j = eab ± ecd associated to a positive simple root, the generator
associated to the corresponding negative root is e−j = eba∓edc. An explicit expression for
the roots can be obtained if we choose the ~ε ’s and ~δ ’s as (2n + 1)–dimensional vectors
of the form
(~εj)k = δkj j = 1, · · · , n+ 1
(~δj)k = iδk,j+n+1 j = 1, · · · , n (A.14)
A convenient basis for the Cartan subalgebra is the following:
ha = ea,a − ea+n+1,a+n+1 a = 1, · · · , n+ 1
ha = i(ea+n+1,a+n+1 − ea+2n+1,a+2n+1) a = n+ 2, · · · , 2n+ 1 (A.15)
The Weyl vector ~ρ of the algebra can be obtained as half the sum of the vectors ~νj dual
to the simple roots (~αi · ~νj = δij). For this case we have
~ρ = n~ε1 − (n− 1
2
)~δ1 + (n− 1)~ε2 − (n− 3
2
)~δ2 + · · ·+ ~εn − 1
2
~δn (A.16)
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The weights of the fundamental representation can be computed by using the general
procedure described above. They are
~λj = −~λ4n+3−j =
2n−1∑
k=j
~αk +
1
2
~α2n +
1
2
~α2n+1 j = 1, · · · , 2n− 1
~λ2n = − ~λ2n+3 = 1
2
~α2n +
1
2
~α2n+1
~λ2n+1 = − ~λ2n+2 = − 1
2
~α2n +
1
2
~α2n+1 (A.17)
For the D(n + 1, n) superalgebra, the ordering of the weights is not unique. We have
chosen the above labeling so that the Miura operator can be written in terms of the
weights in a manner similar to the B(n, n) and A(n, n) cases (cfr. eqs.(2.15, 2.21,2.27)).
2) B(n, n), n ≥ 1
This is a simple superalgebra with rank 2n. The fundamental representation is given
in terms of matrices inM(2n+1|2n; C) satisfying the condition (A.10) where in this case
K is given by
K =


0 In 0 0 0
In 0 0 0 0
0 0 1 0 0
0 0 0 0 In
0 0 0 −In 0


(A.18)
The fermionic set of simple roots corresponding to the Dynkin diagram in Fig.1 and the
generators e+j are
~α1 = ~ε1 − ~δ1 e+1 = e1,2n+2 + e3n+2,n+1
~α2 = ~δ1 − ~ε2 e+2 = en+2,3n+2 − e2n+2,2
· · · · · ·
~α2n−2 = ~δn−1 − ~εn e+2n−2 = e2n,4n − e3n,n
~α2n−1 = ~εn − ~δn e+2n−1 = en,3n+1 + e4n+1,2n
~α2n = ~δn e
+
2n = e2n+1,4n+1 − e3n+1,2n+1 (A.19)
We note that in Fig.1 the Dynkin diagram of the B(n, n) superalgebra can be obtained by
folding the corresponding one of the D(n+1, n) series. The untwisted fermionic extension
is obtained by adding to the set of simple roots the lowest root
~α0 = −~ε1 − ~δ1 e+0 = en+1,2n+2 + e3n+2,1 (A.20)
As for the previous case, the generators for the negative roots are defined as e−j = eba∓edc,
whenever the corresponding positive root has generator e+j = eab ± ecd. An explicit
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realization for the 2n–dimensional vectors ~ε ’s and ~δ ’s is
(~εj)k = δkj j = 1, · · · , n
(~δj)k = iδk,j+n j = 1, · · · , n (A.21)
A basis for the Cartan subalgebra is
ha = ea,a − ea+n,a+n a = 1, · · · , n
ha = i(ea+n+1,a+n+1 − ea+2n+1,a+2n+1) a = n+ 1, · · · , 2n (A.22)
Also in this case, the Weyl vector is given by the expression in eq.(A.16).
The calculation of the weights of the fundamental representation gives the following
result
~λj = −~λ4n+2−j =
2n∑
k=j
~αk j = 1, · · · , 2n
~λ2n+1 = 0 (A.23)
where we have labelled the weights from the highest ~λ1 to the lowest ~λ4n+1.
3) A(n, n), n ≥ 1
The fundamental representation of A(n, n) is given in terms of matrices with super-
trace equal to zero inM(n+1|n+1; C). This superalgebra is not simple since it contains
a one–dimensional invariant subalgebra generated by the element I2n+2. In the following
we refer to A(n, n) as the superalgebra obtained by factoring out the invariant subalge-
bra. This factorization is realized explicitly by identifying any two elements of A(n, n)
whenever they differ by a multiple of the identity I2n+2. The rank of the algebra is 2n
but, as a consequence of the fact that the algebra is not simple, the number of simple
roots exceeds the rank by one. Only 2n of them are independent, so that they can still be
represented by vectors in a 2n–dimensional linear space. A realization of the fermionic
roots corresponding to the Dynkin diagram in Fig.1 can be given in terms of vectors ~εi,
~δj as in eq.(A.21). We obtain for the roots and corresponding generators
~α1 = ~ε1 − ~δ1 e+1 =
√
2e1,n+2
~α2 = ~ε1 + ~δ1 e
+
2 =
√
2en+2,2
~α3 = −~ε1 + ~δ1 + ~ε2 − ~δ2 e+3 =
√
2e2,n+3
~α4 = ~ε2 + ~δ2 e
+
4 =
√
2en+3,3
· · · · · ·
~α2n−1 = −~εn−1 + ~δn−1 + ~εn − ~δn e+2n−1 =
√
2en,2n+1
~α2n = ~εn + ~δn e
+
2n =
√
2e2n+1,n+1
~α2n+1 = −~εn + ~δn e+2n+1 =
√
2en+1,2n+2 (A.24)
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As noticed above the simple roots are not all independent since
∑n
j=0 ~α2j+1 = 0. The
fermionic extension is realized by
~α0 = −
n∑
j=1
(~εj + ~δj) e
+
0 =
√
2e2n+2,1 (A.25)
The generators corresponding to negative simple roots are e−2j = −(e+2j)t, e−2j+1 = (e+2j+1)t,
j = 0, · · · , n. A basis of the Cartan subalgebra is given by the following matrices
ha =
a∑
j=1
ej,j − ea+1,a+1 +
a∑
j=2
en+j,n+j a = 1, · · · , n
ha = i(
a−n+1∑
j=1
ej,j +
a−n∑
j=2
en+j,n+j + 2ea+1,a+1) a = n+ 1, · · · , 2n (A.26)
where we have identified
e2n+2,2n+2 ≡ −
2n+1∑
k=1
ek,k (A.27)
as a consequence of the factorization of the invariant subalgebra. The Weyl vector can
be defined as half the sum of vectors dual to the first 2n independent simple roots. We
obtain
~ρ =
1
4
n∑
k=1
[(k + 1)~εk + (k − 1)~δk] (A.28)
Finally the weights of the fundamental representation, with the unique ordering from the
highest to the lowest one, are
~λj =
2n+1∑
k=j
~αk j = 1, · · · , 2n+ 1
~λ2n+2 = 0 (A.29)
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D(n+ 1, n) : ❦×
α1
❦×
α2
❦×
α2n−1
  
❅❅
❦×α2n
❦×
α2n+1
B(n, n) : ❦×
α1
❦×
α2
❦×
α2n−1
> ④
α2n
A(n, n) : ❦×
α1
❦×
α2
❦×
α2n
❦×
α2n+1
❅❅
  
❦×1
❦×1 ❦×2 ❦×2 ❦×2  
 
❅❅
❦× 1
❦× 1
❅❅
  
❦×1
❦×1 ❦×2 ❦×2 ❦×2 > ④2
❦×
1
❦×
1
❦×
1
❦×
1
✟✟
✟✟
✟ ❍❍❍❍❍
❦×1
Figure 1: Fermionic Dynkin diagrams for Lie superalgebras and their affine
extensions. The crossed circles denote fermionic roots with vanishing norm.
The numbers in the affine Dynkin diagrams are the Kacˇ labels.
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✫✪
✬✩
a)
1 1
4
4 ✫✪
✬✩
b)
1 1
1
2 ✫✪
✬✩
c)
1 1
2
3
✫✪
✬✩
d)
2 2
1
1 ✫✪
✬✩
e)
2 2
3
3 ✫✪
✬✩
f)
2 2
4
4
✫✪
✬✩
g)
2 2
1
3
✫✪
✬✩
h)
3 3
2
3 ✫✪
✬✩
i)
3 3
4
4 ✫✪
✬✩
l)
3 3
1
2
✫✪
✬✩
m)
4 4
2
4 ✫✪
✬✩
n)
4 4
1
4 ✫✪
✬✩
o)
4 4
3
4
Figure 2: Diagrams of one–loop mass corrections for the B(1)(2, 2) theory.
The numbers denote the various particles.
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